The aim of this paper is to consider intuitionistic Menger space and prove a common fixed point theorem for six weakly compatible mappings without appeal to continuity on this space.
Introduction
There have been a number of generalizations of metric spaces. One such generalization is Menger space introduced in 1942 by Menger [1] who used distribution functions instead of nonnegative real numbers as values of the metric. This space was expanded rapidly with the pioneering works of Schweizer and Sklar [2, 3] . Modifying the idea of Kramosil and Michalek [4] , George and Veeramani [5] introduced fuzzy metric spaces which are very similar that of Menger space. Recently Park [6] introduced the notion of intuitionistic fuzzy metric spaces as a generalization of fuzzy metric spaces.
Kutukcu et. al [7] introduced the notion of intuitionistic Menger spaces with the help of t-norms and t-conorms as a generalization of Menger space due to Menger [1] . Further they introduced the notion of Cauchy sequences and found a necessary and sufficient condition for an intuitionistic Menger space to be complete.
(1) * is commutative and associative, (2) * is continuous, Remark 2.3 The concept of triangular norms (t-norms) and triangular conorms (t-conorms) are known as the axiomatic skeletons that we use for characterizing fuzzy intersection and union respectively. These concepts were originally introduced by Menger [1] in his study of statistical metric spaces. Definition 2.4 [3] A distance distribution function is a function F : R → R + which is left continuous on R, non-decreasing and inf t∈R F (t) = 0, sup t∈R F (t) = 1. We will denote by D the family of all distance distribution functions and by H a special of D defined by
If X is a non-empty set, F : X × X → D is called a probabilistic distance on X and F (x, y) is usually denoted by F x,y .
Definition 2.5 A non-distance distribution function is a function L : R → R + which is right continuous on R, non-increasing and inf t∈R L (t) = 1, sup t∈R L (t) = 0. We will denote by E the family of all distance distribution functions and by G a special of E defined by
If X is a non-empty set, L : X × X → E is called a probabilistic non-distance on X and L(x, y) is usually denoted by L x,y . Definition 2.6 [7] A 5-tuple (X, F, L, * , ) is said to be an intuitionistic Menger space if X is an arbitrary set, * is a continuous t-norm, is continuous t-conorm, F is a probabilistic distance and L is a probabilistic non-distance on X satisfying the following conditions: for all x, y, z ∈ X and t, s ≥ 0,
The function F x,y (t) and L x,y (t) denote the degree of nearness and degree of non-nearness between x and y with respect to t, respectively. Remark 2.7 Every Menger space (X, F, * ) is intuitionistic Menger space of the form (X, F, 1 − F, * , ) such that t-norm * and t-conorm are associated [11] , that is x y = 1 − (1 − x) * (1 − y) for any x, y ∈ X. Example 2.8 Let (X, d) be a metric space. Then the metric d induces a distance distribution function y) ) for all x, y ∈ X and t ≥ 0. Then (X, F, L) is an intuitionistic probabilistic metric space. We call this intuitionistic probabilistic metric space induced by a metric d the induced intuitionistic probabilistic metric space. If t-norm * is a * b = min{a, b} and t-conorm is a b = min {1, a + b} for all a, b ∈ [0, 1] then (X, F, L, * , ) is an intuitionistic Menger space.
Remark 2.9 Note that the above example holds even with the t-norm a * b = min{a, b} and t-conorm a b = max{a, b} and hence (X, F, L, * , ) is an intuitionistic Menger space with respect to any t-norm and t-conorm. Also note * and t-conorm are not associated. Definition 2.10 [7] Let (X, F, L, * , ) be an intuitionistic Menger space with t * t ≥ t and (1 − t)
(1) a sequence {x n } n in X is said to be convergent to x in X if, for every ε > 0 and λ ∈ (0, 1), there exists positive integer N such that F xn,x (ε) >1 − λ and L xn,x (ε) <λ whenever n ≥ N . (2) a sequence {x n } in X is called Cauchy sequence if, for every ε > 0 and λ ∈ (0, 1), there exists positive integer N such that F xn,xm (ε) >1 − λ and L xn,xm (ε) <λ whenever n, m ≥ N . (3) an intuitionistic Menger space (X, F, L, * , ) is said to be complete if and only if every Cauchy sequence in X is convergent to a point in X.
The proof of the following lemmas is on the lines of Mishra [9] .
Lemma 2.11 Let (X, F, L, * , ) be an intuitionistic Menger space with t * t ≥ t and (1 − t) (1 − t) ≤ (1 − t) and {y n } be a sequence in X. If there exists a number k ∈ (0, 1) such that:
Proof By simple induction with the condition (1), we have for all t > 0 and n = 1, 2, 3,. . . ,
Thus by Definition 2.6 (6) and (11), for any positive integer m ≥ n and real number t > 0, we have
which implies that {y n } is a Cauchy sequence in X. This completes the proof. Lemma 2.12 Let (X, F, L, * , ) be an intuitionistic Menger space with t * t ≥ t and (1 − t) (1 − t) ≤ (1 − t) and for all x, y ∈ X, t > 0 and if for a number k ∈ (0, 1)
Proof Since t > 0 and k ∈ (0, 1), we get t > kt. In intuitionistic Menger space (X, F, L, * , ), F x,y is non-decreasing and L x,y is non-increasing for all x, y ∈ X, then we have
Using (I) and the definition of intuitionistic Menger space, we have x = y. Definition 2.13 The self-maps A and B of an intuitionistic Menger space (X, F, L, * , ) are said to be compatible if for all t > 0,
whenever {x n } is a sequence in X such that lim n→∞ Ax n = lim n→∞ Bx n = z for some z ∈ X. Definition 2.14 Two self-maps A and B of an intuitionistic Menger space (X, F, L, * , ) are said to be weakly compatible if they commute at their coincidence points, that is if Ax = Bx for some x ∈ X then ABx = BAx.
Remark 2.15
If self-maps A and B of an intuitionistic Menger space (X, F, L, * , ) are compatible then they are weakly compatible.
Results
Theorem 3.1 Let (X, F, L, * , ) be an intuitionistic Menger space with t * t ≥ t and (1 − t) (1 − t) ≤ (1−t) and let A, B, S, T, P and Q be self mappings of X such that the following condition are satisfied:
There exists k ∈ (0, 1) such that for every x, y ∈ X and t > 0, Then A, B, S, T, P and Q have a unique common fixed point in X.
Proof By (1) since A (X) ⊂ ST (X) for any point x 0 ∈ X, there exists a point x 1 in X such that Ax 0 = ST x 1 . Since B (X) ⊂ P Q (X), for this point x 1 we can choose a point x 2 in X such that Bx 1 = P Qx 2 and so on. Inductively, we can define a sequence {y n } in X such that for n = 0, 1, 2, 3, . . . . . . . y 2n = Ax 2n = ST x 2n+1 and y 2n+1 = Bx 2n+1 = P Qx 2n+2 .
By (2)
and
Similarly, we also have
Thus it follows that for m = 1, 2, 3, . . . . . . .
Consequently, it follows that for m = 1, 2, 3, . . . . . . , p = 1, 2, . . . . . . .
By noting that F ym+1,ym+2
Hence by Lemma 2.11, {y n } is a Cauchy sequence in X. Now suppose P Q(X) is complete. Note that the subsequence {y 2n+1 } is contained in P Q(X) has a limit in P Q(X) call it z. Let w ∈ P Q −1 (z). Then P Qw = z. We shall use the fact that subsequence {y 2n } also converges to z. By putting x = w, y = x 2n+1 in (2) and taking limit as n → ∞ we have
Thus we have F Aw,z (kt) ≥ F Aw,z (t) and L Aw,z (kt) ≤ L Aw,z (t). There by Lemma 2.12, we have Aw = z. Since P Qw = z thus we have Aw = z = P Qw that is w is coincidence point of A and P Q. This proves (a).
By putting x = x 2n+2 , y = v in (2) and taking limit as n → ∞ we have
Thus we have F z,Bv (kt) ≥ F Bv,z (t) and L z,Bv (kt) ≤ L Bv,z (t). Therefore by Lemma 2.12, we have Bv = z. Since ST v = z, we have Bv = z = ST v that is v is the coincidence point of B and ST . This proves (b).
The remaining two cases pertain essentially to the previous cases. Indeed if A(X) or B(X) is complete then by (1), z ∈ A(X) ⊂ ST (X) or z ∈ B(X) ⊂ P Q(X). Thus (a) and (b) are completely established.
Since the pair {A, P Q} is weakly compatible therefore A and P Q commute at their coincidence point that is A (P Qw) = (P Q) Aw or Az = P Qz.
Since the pair {B, ST } is weakly compatible therefore B and ST commute at their coincidence point that is B (ST v) = (ST ) Bv or Bz = ST z.
By putting x = z, y = x 2n+1 in (2) and taking limit as n → ∞ we have
Thus we have F Az,z (kt) ≥ F Az,z (t) and L Az,z (kt) ≤ L Az,z (t). Therefore by Lemma 2.12, we have Az = z. So Az = P Qw = z. By putting x = x 2n+2 , y = z in (2) and taking limit as n → ∞ we have
Thus we have F z,T z (kt) ≥ F z,T z (t) and L z,T z (kt) ≤ L z,T z (t). Therefore by Lemma 2.12, we have z = T z. Since ST z = z, therefore Sz = z. By putting x = Qz, y = z in (2) and using (4), we have
Thus we have F Qz,z (kt) ≥ F Qz,z (t) and L Qz,z (kt) ≤ L Qz,z (t). Therefore by Lemma 2.12, we have z = Qz. Since P Qz = z, therefore P z = z. By combining the above results we have Az = Bz = Sz = T z = P z = Qz = z. That is z is a common fixed point of A, B, S, T, P and Q.
Uniqueness: Let u (u = z) be another common fixed point of A, B, S, T, P and Q, then Au = Bu = Su = T u = P u = Qu = u. By taking x = z and y = u in (2), then we have
Thus we have F z,u (kt) ≥ F z,u (t) and L z,u (kt) ≤ L z,u (t). Therefore by Lemma 2.12, we have z = u. So it is clear that z is the unique common fixed point of A, B, S, T, P and Q. This completes the proof.
If we put A = B in Theorem 3.1, we have the following results: Corollary 3.1 Let (X, F, L, * , ) be an intuitionistic Menger space with t * t ≥ t and (1 − t) (1 − t) ≤ (1 − t) and let A, S, T, P and Q be self mappings of X such that the following condition are satisfied: (2) There exists k ∈ (0, 1) such that for every x, y ∈ X and t > 0, Then A, S, T, P and Q have a unique common fixed point in X.
If we put T = Q = I X (The identity map on X) in Theorem 3.1, we have the following: Corollary 3.2 Let (X, F, L, * , ) be an intuitionistic Menger space with t * t ≥ t and (1 − t) (1 − t) ≤ (1 − t) and let A, B, S and P be self mappings of X such that the following condition are satisfied:
(1) A (X) ⊂ S (X) , B (X) ⊂ P (X), (2) There exists k ∈ (0, 1) such that for every x, y ∈ X and t > 0, F Ax,By (kt) ≥ {F P x,Sy (t) * F Ax,P x (t) * F By,Sy (t) * F Ax,Sy (t)} and 
for all x, y ∈ X. Clearly (X, F, L, * , ) is an intuitionistic Menger space where * is defined by t * t ≥ t and is defined by (1 − t) (1 − t) ≤ (1 − t). Define A, P, B and S : X → X by
Then A, P, B and S satisfy all the conditions of Corollary 3.2 with k ∈ (0, 1) and have a unique common fixed point 0 ∈ X. It may be noted in this example that the mappings A and P commute at coincidence point 0 ∈ X. So A and P are weakly compatible maps. Similarly, B and S are weakly compatible maps. To see the pairs (A, P ) and (B, S) are not compatible. Let us consider a sequence {x n } defined as x n = 15 + 1 n , n ≥ 1, then x n → 15 as n → ∞. Then lim n→∞ Ax n = 6 , lim n→∞ P x n = 6 but lim n→∞ F AP xn,P Axn (t) = t t + |6 − 12| = 1 and lim n→∞ L AP xn,P Axn (t) = |6 − 12| t + |6 − 12| = 0.
Thus the pair (A, P ) is not compatible. Also lim n→∞ Bx n = 9 , lim n→∞ Sx n = 9 but lim n→∞ F BSxn,SBxn (t) = t t + |9 − 6| = 1 and lim n→∞ L BSxn,SBxn (t) = |9 − 6| t + |9 − 6| = 0.
So the pair (B, S) is not compatible. All the mappings involved in this example are discontinuous even at the common fixed point x = 0.
If we put S = T = P = Q = I X (The identity map on X) in Corollary 3.1, we have the following: Corollary 3.3 Let (X, F, L, * , ) be an intuitionistic Menger space with t * t ≥ t and (1 − t) (1 − t) ≤ (1 − t) and let A be mapping from X into itself such that:
(1) There exists k ∈ (0, 1) such that for every x, y ∈ X and t > 0, F Ax,Ay (kt) ≥ {F x,y (t) * F Ax,x (t) * F Ay,y (t) * F Ax,y (t)} and L Ax,Ay (kt) ≤ {L x,y (t) L Ax,x (t) L Ay,y (t) L Ax,y (t)} ,
If A (X) is a complete subspace of X then A has a unique common fixed point in X.
